Nuclear magnetization distribution effect in molecules: Ra$^+$ and RaF
  hyperfine structure by Skripnikov, Leonid V.
ar
X
iv
:2
00
8.
01
52
0v
1 
 [p
hy
sic
s.a
tom
-p
h]
  4
 A
ug
 20
20
Nuclear magnetization distribution effect in molecules: Ra and RaF hyperfine
structure
Leonid V. Skripnikov1, 2, ∗
1Petersburg Nuclear Physics Institute named by B.P. Konstantinov of National
Research Centre “Kurchatov Institute”, Gatchina, Leningrad District 188300, Russia
2Saint Petersburg State University, 7/9 Universitetskaya nab., St. Petersburg, 199034 Russia
(Dated: August 4, 2020)
Recently the first laser spectroscopy measurement of the radioactive RaF molecule has been
reported [Nature 581, 396 (2020)]. This and similar molecules are considered to search for the New
Physics effects. The radium nucleus is of interest as it is octupole-deformed and has close levels of
opposite parity. The preparation of such experiments can be simplified if there are reliable theoretical
predictions. It is shown that the accurate prediction of the hyperfine structure of the RaF molecule
requires to take into account the finite magnetization distribution inside the radium nucleus. For
atoms, this effect is known as the Bohr-Weisskopf (BW) effect. Its magnitude depends on the model
of the nuclear magnetization distribution which is usually not well known. We show that it is
possible to express the nuclear magnetization distribution contribution to the hyperfine structure
constant in terms of one magnetization distribution dependent parameter: BW matrix element for
1s-state of the corresponding hydrogen-like ion. This parameter can be extracted from the accurate
experimental and theoretical electronic structure data for an ion, atom, or molecule without the
explicit treatment of any nuclear magnetization distribution model. This approach can be applied
to predict the hyperfine structure of atoms and molecules and allows one to separate the nuclear
and electronic correlation problems. It is employed to calculate the finite nuclear magnetization
distribution contribution to the hyperfine structure of the 225Ra+ cation and 225RaF molecule. For
the ground state of the 225RaF molecule, this contribution achieves 4%.
INTRODUCTION
Theoretical predictions of hyperfine splittings in heavy
atoms and molecules are of great importance for a wide
scope of fundamental physical applications [1]. They are
used as a test of the accuracy of calculated characteris-
tics that are required for interpretation of experiments
to search for effects of violation of spatial parity (P) or
spatial parity and time-reversal (T) symmetries of fun-
damental interactions in atoms [1–5] (see also references
therein) and molecules [6–12] or for the semi-empirical
predictions [13–15]. The hyperfine splitting in spectra
of highly charged ions can be used to test bound-state
quantum electrodynamics (QED) in a strong electric and
magnetic fields [16–22]. Accurate theoretical prediction
is also required to obtain the values of magnetic moments
of short-lived isotopes [23–28].
In many important cases, the largest uncertainty of
the theoretically predicted value of the hyperfine split-
ting comes from the nuclear part of the problem [29, 30].
There are two important contributions to the hyperfine
splitting due to the finite nucleus size. The first one is
caused by the finite change distribution inside the nu-
cleus [31, 32]. It can be calculated with high accuracy
as this distribution is known from experiments. The
second finite nucleus contribution to the hyperfine split-
ting is caused by the distribution of magnetization inside
the nucleus. In atoms this effect is known as the Bohr-
Weisskopf (BW) effect [33, 34]. In most cases, it hardly
can be calculated with high accuracy due to difficulties
of ab initio prediction of the magnetization distribution
within the nuclear structure theory in case of heavy nu-
clei as well as the absence of corresponding experimental
data.
In Ref. [18] it was proposed to use the specific differ-
ence of hyperfine splittings in lithium-like and hydrogen-
like bismuth to test bound-state QED in strong fields.
It was shown that it is possible to choose a linear com-
bination of hyperfine splittings in such a way that the
BW contributions cancel. In Ref. [30] it was proposed to
combine experimental and theoretical data on the hyper-
fine splitting for high lying electronic states of an atom
to obtain BW correction for the ground electronic state.
The method is valid for nS1/2, nP1/2 and nP3/2 states of
alkali-metal atoms and alkali-metal-like ions [30]. These
methods are of great importance for atomic and highly
charged ions experiments. For example, the accuracy of
the prediction of the hyperfine structure (HFS) constant
of 133Cs is used to estimate the uncertainty of the predic-
tion of the theoretical parameter that is used to interpret
the experiment on the 133Cs [35] atom in terms of fun-
damental parameters of P-violating forces.
The strongest upper bounds on the electron electric
dipole moment (T,P-violating property) has been estab-
lished in the molecular beam experiment with diatomic
ThO molecules [36]. Another candidate is the RaF
molecule. This molecule can be laser cooled [37]. This
will increase the coherence time and therefore enhance
the sensitivity of such an experiment to T,P-violating ef-
fects [37–42]. An important feature of this molecule is
that it posses the deformed Ra nucleus with close levels
of opposite parity [43–46]. Therefore, the T,P-violating
2effects such as the nuclear Schiff moment are strongly en-
hanced [43, 44, 47–49]. The most elaborated calculation
of the nuclear Schiff moment has been performed for the
225Ra isotope [50].
Recently, the first laser spectroscopy measurement of
the RaF molecule has been performed [42]. It is expected
that further experimental study of the molecule will allow
one to measure magnetic dipole hyperfine constants [51].
Interpretation of such an experiment can be simplified if
the accurate theoretical prediction of the HFS constants
for RaF is available.
Interpretation of the experiments with heavy-atom
molecules to search for T,P-violating or P-violating ef-
fects requires high-precision calculations of a number of
molecular constants that are required to express the ob-
served effect in terms of fundamental properties of the nu-
cleus and electron [4, 11, 52–55]. These constants cannot
be measured. Therefore, to test the accuracy of their cal-
culation one usually compares the theoretical value of the
hyperfine structure constant with the experimental one.
All the above characteristics are mainly determined by
the behavior of the valence wavefunction of the molecule
in the vicinity of the heavy-atom nucleus. However, there
was no systematic attempt to take into account the BW
contribution in such recent accurate calculations for the
molecules of interest. In Ref. [56] there was an attempt
to treat the BW contribution to the hyperfine structure
of small molecules within the gaussian distribution model
of the nuclear magnetization using the density functional
electronic structure calculations.
In the present paper, we develop a method that can
be employed to treat the finite nuclear magnetization
distribution effect in atoms and molecules if the corre-
sponding (nonzero) atomic or molecular data are known
for one of the electronic states with sufficient accuracy.
This method considers a general model of the magneti-
zation distribution inside a nucleus, i.e. without using
any particular model such as uniformly magnetized ball,
gaussian-distributed magnetization model, etc. The pro-
posed method is applied to predict hyperfine structure
constants for the 225RaF molecule and the 225Ra+ cation
in the ground and low-lying excited states within the 4-
component relativistic coupled cluster theory. The 225Ra
isotope has the nuclear spin equal to 1/2 and has only a
magnetic dipole hyperfine structure, i.e. does not exhibit
a quadrupole one. This is important from the experimen-
tal point of view to unambiguously extract the magnetic
hyperfine dipole interaction [51].
THEORY
For the nucleus with the spin I and the nuclear
g−factor the nuclear magnetic dipole moment is
µ = gIµN , (1)
where µN =
eh¯
2mpc
is the nuclear magneton, e is the elec-
tron charge, h¯ is the Planck constant andmp is the proton
mass.
To treat the nuclear magnetization distribution inside
the finite nucleus one can use the following substitu-
tion [29, 57, 58]:
µ→ µ(r) = µF (r). (2)
The function F (r) takes into account the nuclear mag-
netization distribution inside the finite nucleus. In the
point magnetic dipole moment approximation F (r) = 1.
The expressions for different models can be found else-
where [56–58].
The hyperfine interaction of the magnetic moment µ
of a given nucleus with electrons is described by the fol-
lowing one-electron operator:
hHFS =
∑
i
µ · [ri ×αi]
r3i
F (ri) = (µT ), (3)
where
T =
∑
i
[ri ×αi]
r3i
F (ri), (4)
α are Dirac’s matrices:
α =
(
0 σ
σ 0
)
, (5)
σ are Pauli matrices and ri is the radius-vector of the
electron i with respect to the position of the considered
nucleus.
For a linear diatomic molecule, one can introduce the
HFS constant A|| associated with the nucleus K as:
A||(K) =
µK
IΩ
〈ΨΩ|
∑
i
(
riK ×αi
r3iK
)
z
F (riK) |ΨΩ〉 (6)
=
µK
IΩ
〈ΨΩ|Tz(K) |ΨΩ〉 ,(7)
where riK is the radius-vector of electron i with respect
to the nucleus K and Ω is the projection of the total
electronic angular momentum on the internuclear axis z.
For a molecule in the electronic state with |Ω| = 1/2
one introduces also the A⊥ constant:
A⊥(K) =
µK
IΩ
〈
ΨΩ=+1/2
∣∣∑
i
(
riK ×αi
r3iK
)
+
F (riK)
∣∣ΨΩ=−1/2〉 .(8)
where the V+ component of some vector V means V+ =
Vx + iVy. In the present paper we assume that the rel-
ative phase of ΨΩ=+1/2 and ΨΩ=−1/2 wavefunctions is
chosen in such a way that the matrix element of the to-
tal electronic angular moment
〈
ΨΩ=+1/2
∣∣J+ ∣∣ΨΩ=−1/2〉
is positive.
3Eq. (6) can also be used to define the hyperfine struc-
ture constant, A, of the atom in the electronic state with
the total electronic angular momentum J and its projec-
tionMJ . For this one should replace Ω byMJ in Eq. (6).
One can use the following expression for the hyperfine
structure constant [33, 59],
A = A(0) −ABW, (9)
where A(0) is the HFS constant for the point nuclear
magnetic moment (i.e. for F (r) = 1) and ABW is:
ABW = A(0) −A. (10)
ABW gives contribution of the finite nuclear magnetiza-
tion distribution to the HFS constant. Note, that for a
more direct comparison with the experimental HFS val-
ues one should also include a contribution of the QED ef-
fects into the hyperfine structure constant, AQED. How-
ever, such contributions are available only for a limited
number of systems. For simplicity, this contribution has
been omitted in the above equations but can be added
to the right-hand side of Eq. (9).
Function F (r) is noticeably different from 1 only inside
the nucleus. Therefore, it follows from Eqs. (6) and (10)
that ABW depends on the behaviour of the wavefunction
only in this region. One can also introduce the following
operator:
TBW =
∑
i
[ri ×αi]
r3i
(1− F (ri)). (11)
Thus,
ABW|| (K) =
µK
IΩ
〈ΨΩ|T
BW
z (K) |ΨΩ〉 . (12)
The operator (11) is zero outside the nucleus.
Dirac equation for radial components of the one-
particle wavefunction can be written in the following
form:
h¯c(
dgnκ
dr
+
1+ κ
r
gnκ)− (Enκ +mc
2 − V )fnκ = 0 (13)
h¯c(
dfnκ
dr
+
1− κ
r
fnκ) + (Enκ −mc
2 − V )gnκ = 0, (14)
where g and f are radial functions of large and small com-
ponents of the Dirac bispinor, κ = (−1)j+l+1/2(j +1/2),
j is the total momentum of the electron, n is the princi-
ple quantum number, V is the nuclear potential. In the
nuclear region it is possible to neglect the binding energy
Enκ with respect to the nuclear potential. Therefore, the
wavefunctions with different n and the same κ are pro-
portional to each other in this region. This property is
widely used in different applications [8, 13, 60–67].
From the structure of the HFS Hamiltonian (4) one
can see that its expectation value for a given bispinor for
a system with a spherical symmetry is proportional to∫∞
0 gfF (r)dr. At the same time
ABW ∝
∫ ∞
0
gf(1− F (r))dr ≈
∫ Rnuc
0
gf(1− F (r))dr,
where Rnuc is the radius of the nucleus. As only s1/2
and p1/2 functions have non-negligible amplitudes inside
the nucleus only these types of functions can noticeably
contribute to ABW.
In the nuclear region r ∼ Rnuc of a heavy ion (atom)
the absolute value of the nuclear potential V (r) is larger
than the electron rest energy and one can omit the
mc2 terms in addition to Enκ in the equations (13) and
(14) [65]. From the simplified equations it follows that
in the region r ∼ Rnuc the product gnκfnκ differs from
gn−κfn−κ only by a constant factor [65]. For s1/2 and
p1/2 functions it can be also seen from the explicit analyt-
ical expressions that are given in Ref. [13]. Thus, one ob-
tains for matrix elements of z-component of the operator
(11), TBWz , over the 1sj=1/2,mj=1/2 and 2pj=1/2,mj=1/2
functions: ∫
2p†1/2,1/2T
BW
z 2p1/2,1/2dr ≈
β
∫
1s†1/2,1/2T
BW
z 1s1/2,1/2dr, (15)
where β is the proportionality constant independent on
the actual expression for the function F (r). The only
suggestion is that (F (r) − 1) is localised inside the nu-
cleus. Similar idea has been used in Ref. [65] to intro-
duce the specific difference of the electronic g-factors of
hydrogen-like and boron-like ions of lead.
Let us now consider a reduced one-particle density ma-
trix ρ(r|r′) obtained from correlation calculation of some
molecule containing a heavy nucleus K and choose the
origin at the position of K. One can write:
ρ(r|r′) =
∑
p,q
ρp,qϕp(r)ϕ
†
q(r
′), (16)
where {ϕp} are molecular bispinors. The expectation
value of some one-particle operator X can be calculated
as:
〈X〉 =
∑
p,q
ρp,q
∫
ϕ†qXϕpdr . (17)
In this paper we are interested in the operator TBW (11),
which is zero outside the nucleus. It means that for such
operatorX one can perform integration in Eq. (17) inside
the sphere of radius Rc ≈ Rnuc. In this region one can
reexpand {ϕp} in terms of some sufficiently complete set
of basis functions ηnljm(r) centered at the nucleus K:
ϕp(r) ≈
∑
nljm
Cpnljmηnljm(r), |r| ≤ Rc, (18)
4where Cpnljm are expansion coefficients. For example, one
can take hydrogen-like functions for the ion with the nu-
cleus K as a set of {ηnljm}. From the above considera-
tion, such functions with a given set of l, j,m and differ-
ent n are proportional to each other inside the nucleus.
Therefore, for each combination of l, j,m one can intro-
duce some reference function ηljm(r) and write:
ηnljm(r) ≈ knljmηljm(r) , |r| ≤ Rc , (19)
where knljm is the proportionality coefficient. Functions
ηljm(r) with different m and the same l, j differ only in
their spin-angular part. Substituting Eqs. (18) and (19)
into Eq. (17) and taking into account that the integration
in Eq. (17) can be performed inside the sphere of radius
Rc with center at the nucleus K one obtains:
〈X〉 ≈
∑
ljm;l′j′m′
Pljm,l′j′m′
∫
|r|<Rc
η†l′j′m′Xηljmdr, (20)
where
Pljm,l′j′m′ =
∑
p,q,n,n′
ρp,qC
p
nljmknljmC
q∗
n′l′j′m′k
∗
n′l′j′m′ .
(21)
Pljm,ljm can be called the reduced occupation associated
with the reference function ηljm. Such parameters are
introduced in the atoms in compounds theory [60] (see
also Refs. [8, 68–70]) as they can serve as some certain
characteristics of an atom inside a compound.
As it was noted above, inside the nucleus only s1/2
and p1/2 functions have non-negligible amplitudes and
can contribute to ABW. Therefore, in the present case
one can take 1s1/2 and 2p1/2 functions of the hydrogen-
like ion with the nucleusK as reference functions ηljm(r).
One can also take into account the following relation for
z-component of the operator (11) (and (4)):
∫
η†ljmT
BW
z ηljmdr = −
∫
η†lj−mT
BW
z ηlj−mdr. (22)
Besides, off-diagonal matrix elements of the z-component
of operators (4) and (11) between s1/2 and p1/2 functions
are zero. Introducing also
Ps = P1s1/2,1/2, 1s1/2,1/2 − P1s1/2,−1/2, 1s1/2,−1/2 , (23)
Pp = P2p1/2,1/2, 2p1/2,1/2 − P2p1/2,−1/2, 2p1/2,−1/2 , (24)
Bs =
∫
|r|≤Rnuc
η†1s1/2,1/2T
BW
z η1s1/2,1/2dr, (25)
Bp =
∫
|r|≤Rnuc
η†2p1/2,1/2T
BW
z η2p1/2,1/2dr, (26)
one obtains:
〈TBWz 〉 ≈ Ps
∫
|r|≤Rnuc
η†1s1/2,1/2T
BW
z η1s1/2,1/2dr
+ Pp
∫
|r|≤Rnuc
η†2p1/2,1/2T
BW
z η2p1/2,1/2dr (27)
= PsBs + PpBp.
Now we can rewrite Eq. (12) as:
ABW|| (K) ≈
µK
IΩ
(PsBs + PpBp). (28)
Using Eq. (15) it is possible to simplify Eq. (28):
ABW|| (K) ≈
µK
IΩ
(Ps + βPp)Bs (29)
= ABW,s|| (K) +A
BW,p
|| (K), (30)
where
ABW,s|| (K) =
µK
IΩ
PsBs, (31)
ABW,p|| (K) =
µK
IΩ
PpβBs. (32)
Corresponding expression can be written for ABW⊥ (K) for
the diatomic molecule in the Ω = 1/2 electronic state as
well as ABW in case of a single atom. Generalizations are
also possible for polyatomic molecules.
In some cases it can be more convenient to introduce
functions hljm(r), defined as:
hljm(r) = ηljm(r)θ(Rc − |r|), (33)
where θ(Rc − |r|) is the Heaviside step function:
θ(Rc − |r|) =
{
1, |r| < Rc
0, otherwise.
Using functions h(r) it is possible to calculate Pljm,l′j′m′
as a mean value of the following operator:
Rljm,l′j′m′ =
|hljm >< hl′j′m′ |
< hljm|hljm >< hl′j′m′ |hl′j′m′ >
. (34)
Constants Ps and Pp in Eq. (29) are determined by
the electronic structure of a heavy atom or a molecule
under consideration and do not depend on the nuclear
magnetization distribution model. In contrast, the Bs
constant is common for a given heavy atom, its ion or a
molecule, containing this atom. It directly depends on
the magnetization distribution inside the nucleus under
consideration. Therefore, if one has sufficiently accurate
theoretical data for the electron part of the problem of
calculation HFS constant for a given heavy atom, ion
or a molecule containing this atom as well as accurate
experimental data, it is possible to extract the Bs con-
stant value. It can be further used to predict the finite
nuclear magnetization distribution effect associated with
5a given nucleus in any other system that contains this
nucleus, i.e. an atom, ion or molecule in any other elec-
tronic state. It can also be used to test predictions of the
nuclear models using sufficiently accurate atomic data.
Note, that the suggested approach can be used to ap-
proximately calculate the specific difference parameter ξ
introduced in Ref. [18] for lithium-like and hydrogen-like
ions using Eq. (29).
In the present paper we have implemented theoretical
approach to calculate Ps and Pp constants in Eq. (29).
COMPUTATIONAL DETAILS
All calculations have been performed within the Dirac-
Coulomb Hamiltonian. To solve electronic many-body
problems for the atom and molecule under considera-
tion we have used the coupled cluster with single, dou-
ble, and perturbative triple cluster amplitudes method,
CCSD(T) [71]. The energy cutoff for virtual orbitals was
set to 10000 Hartree in the correlation treatment. In
Ref. [72] it was demonstrated that such an energy cutoff
is important to ensure including functions that describe
spin-polarization and correlation effects for inner-core
electrons. To treat higher-order correlation effects for va-
lence and outer-core electrons we have employed the cou-
pled cluster method with inclusion up to triple and per-
turbative quadruple cluster amplitudes, CCSDT(Q) [73].
To be able to include the most important basis func-
tions with high lj in the 4-component correlation calcu-
lation we have used the method of constructing natural
basis sets [74]. This method implies scalar-relativistic
correlation calculation using a large basis set followed by
a diagonalization of atomic blocks of one-particle den-
sity matrix [74]. In the present paper, this method has
been extended in the following way. For a given l(j)
several natural basis functions with the largest occupa-
tions have been chosen. These functions are contracted,
i.e. expanded in terms of a large number of primitive
gaussian-type functions. These contracted functions have
been reexpanded in terms of a small number of primitive
gaussian-type functions. In the final calculation, we in-
clude these primitive gaussians instead of original natural
contracted basis functions. Such an approach allows one
to have the additional flexibility of the basis set as well
as use it in the 4-component calculations.
For atomic calculations the following uncontracted
gaussian-type basis sets have been used. The LBas
basis set consisting of 38 s–, 33 p–, 24 d–, 14 f–,
7 g–, 3 h– and 2 i– functions, which can be written
as (38s,33p,24d,14f,7g,3h,2i). This basis set has been
obtained by augmentation of the uncontracted Dyall’s
AE3Z basis set [75] by 5 s, 4 p, 5 d and 1 f diffuse
functions. Also we have added 3 g, 2 h and 2 i func-
tions generated using the method of constructing natu-
ral basis sets described above. To treat high-order cor-
relation effects, we have used the SBas basis set that is
equal to the uncontracted Dyall’s VDZ [75] basis set aug-
mented by a few s–, p– and d– function. To test basis set
completeness we have also employed the LBasExt basis
set: (42s,38p,27d,17f,11g,3h,2i). This basis set has been
obtained by augmentation of the uncontracted Dyall’s
AE4Z basis set [75] by 5 s, 4 p, 4 d and 1 f diffuse func-
tions and 3 g, 2 h and 2 i natural functions.
For calculation of HFS constants for the RaF molecule,
we have used the LBasRaF basis set that corresponds to
the LBas basis set on Ra and the uncontracted Dyall’s
AETZ [75] basis set on F. The LBasExtRaF basis set
corresponds to the LBasExt basis set for Ra and Dyall’s
AE4Z [75] basis set on F. Finally, we have used the SBas-
RaF basis set that corresponds to the SBas basis set for
Ra and the aug-cc-PVDZ-DK basis set [76, 77] for F.
In calculations of the ground and first excited elec-
tronic states of RaF we have used the calculated values of
equilibrium internuclear distances: R(Ra–F)=4.23 Bohr
for both states, obtained in this work. This distance is
in agreement with the previous study [40].
In the electronic structure calculations, the Gaussian
charge distribution model [78] has been employed. For
molecular calculations the dirac [79] and mrcc [73, 80]
codes have been used. To calculate Ps and Pp parameters
the code developed in this work has been employed.
The 225Ra nucleus has spin I = 1/2 and magnetic
moment µ=-0.7338(15) obtained in the direct (atomic)
measurement [81].
RESULTS AND DISCUSSION
There is a strong uncertainty in calculating the BW
correction for heavy atoms from first principles due to
a rather limited knowledge of the nuclear magnetiza-
tion distribution F (r). However, as it can be seen from
Eq. (29) the BW contribution to the hyperfine structure
constant of an atom or a molecule depends only on one
matrix element Bs given by Eq. (25). The latter element
depends on F (r) through Eq. (11). Thus, if there are
accurate experimental data for the (nonzero) hyperfine
structure constant for some system induced by a given
nucleus as well as accurate enough electronic structure
calculation of the HFS constant in the point magnetic
dipole approximation it is possible to extract the Bs con-
stant and use it for further predictions. Below we per-
form this extraction from the atomic data for the 225Ra+
cation to accurately predict hyperfine structure constants
for the 225RaF molecule.
225
Ra
+
cation
The hyperfine structure constant for the ground
7s 2S1/2 state of the
225Ra+ cation is known with high ac-
6TABLE I. Hyperfine structure constant (in MHz) for the
ground and excited states of 225Ra+ cation calculated in the
point magnetic dipole approximation.
Method 7s 2S1/2 7p
2P1/2 7p
2P3/2
DHF -21976 -3657 -276
CCSD -29160 -5484 -459
CCSD(T) -28896 -5498 -463
correlation correction -117 -31 0
Basis set correction 2 3 0
Total, electronic (A(0)) -29012 -5526 -463
curacy [82–84]. Moreover, for this system, even the QED
contribution to the hyperfine structure constant has been
recently calculated in Ref. [3]. Table I gives the calcu-
lated values of the hyperfine structure constant A(0) for
the ground and excited electronic states of the 225Ra+
cation calculated in the point magnetic dipole approx-
imation, i.e. without the BW correction. Calculated
values are in good agreement with previous theoretical
works [3, 41, 85–88].
The leading contributions to the HFS constants given
in Table I have been calculated within the 4-component
CCSD(T) approach using the LBas basis set. All 87 elec-
trons of the Ra+ ion have been included in the correlation
treatment. For comparison, Table I gives also the val-
ues obtained within the Dirac-Hartree-Fock (DHF) and
CCSD approaches. Higher order correlation effects have
been estimated as a difference of the CCSDT(Q) and
CCSD(T) values obtained within the SBas basis set and
correlating 27 outer electrons of Ra+. The basis set cor-
rection given in Table I is the contribution of the basis
set extension up to the LBasExt basis set. It has been
calculated within the 59-electron CCSD(T) approach, i.e.
1s..3d electrons have been excluded from the correlation
treatment.
The final value of the HFS constant calculated in
the point magnetic dipole approximation (A(0)) for the
ground state of 225Ra+ given in Table I is in excellent
agreement (within 0.03%) with the most recent previous
theoretical value for this constant from Ref. [3]. It can
be seen that the basis set corrections for the ground and
excited states HFS constants are small. This confirms
the quality of the main LBas basis set. From the value
given in Table I, one can expect that the theoretical un-
certainty of the HFS constant, calculated in the point
magnetic dipole approximation for the ground state of
225Ra+, A(0) (see Eq. (9)), is about 150 MHz or less
than 1%. Finite nuclear magnetization distribution con-
tribution has not been included in the uncertainty as it
is related to the constant A (see below). Breit and QED
effects, calculated in Ref. [3] contribute in total about 66
MHz. Taking this into account and using the calculated
value of A(0) from Table I and experimental value [82] of
TABLE II. BW contributions ABW , ABW,s, ABW,p and the
final values of the hyperfine structure constants (in MHz) for
the ground and excited states of the 225Ra+ cation. For the
ground state ABW has been obtained as a difference between
the theoretical value of the HFS constant calculated in the
point magnetic dipole approximation and the experimental
value taking into account QED and Breit effects.
7s 2S1/2 7p
2P1/2 7p
2P3/2
−ABW,s 1214 -5 3
−ABW,p 1 80 0
−ABW 1215 75 2
A(0) (see Table I) -29012 -5526 -463
Breit+QED*, Ref. [3] 66(23) — —
Final -27731 -5451 -461
Experiment [82–84] -27731(13) -5446.0(7) -466.4(4.6)
*Extracted from Ref. [3]: Breit: -93 MHz; QED: 159(23)
MHz; Electron+Breit:-29113 MHz.
A one finds:
ABW(225Ra+, 7s 2S1/2) = −1215 MHz.
This is about an order of magnitude bigger than the QED
and Breit effects and more than 4% of the total HFS
constant.
In Refs. [3, 85, 86, 89] there were attempts to obtain
ABW within the concrete nuclear magnetization distribu-
tion models for different isotopes of Ra. In the present
work we have not used any nucleus model to calculate
ABW and extracted it from the accurate experimental
and theoretical data for the ground state of 225Ra+.
According to calculations, 1s..3d electrons of Ra con-
tribute about 2.3% to the HFS constant A(0) of the
ground state of 225Ra+. 1s..4f electrons of Ra contribute
about 4%. In Ref. [72] a similar correlation contribution
to the enhancement factor of the T,P-violating scalar-
pseudoscalar nucleus-electron interaction has been found
for the Fr atom. It is interesting to note that while the
inclusion of 1s..4f electrons in the correlation treatment
increases the absolute value of the HFS constant, the BW
effect in the ground electronic state of 225Ra decreases it
by 4%. Therefore, it is possible to obtain an “excellent
agreement” (e.g. less than 1%) of the calculated HFS
constant A(0) in the simplified calculation (with the ex-
clusion of BW contribution and correlation contribution
of the core electrons) with the experimental HFS con-
stant A. But this will not mean that the atomic en-
hancement factor of the T,P-violating effect is calculated
with such accuracy (less than 1%).
As it was noted above, Bs (as well as β) constant does
not depend on the electronic state of the system contain-
ing heavy nucleus under consideration. Therefore, it is
possible to use Eq. (29) to express the BW contribution
to the hyperfine structure constant of the system contain-
ing the 225Ra nucleus in terms of ABW(225Ra+, 7s 2S1/2)
7by calculating parameters Ps and Pp for the
225Ra+ in
7s 2S1/2 state as well as for the system under consid-
eration. Such calculations have been performed for the
excited states of the 225Ra+. It was found (see Table II):
ABW(225Ra+, 7p 2P1/2) = −75 MHz.
Using Eq. (9) we obtain
A(225Ra+, 7p 2P1/2) = −5451 MHz.
This value is in a far better agreement with the exper-
imental value than the value of A(0)(225Ra+, 7p 2P1/2)
given in Table I. Note, that there can be some contri-
bution from the QED (and Breit) effects. No such con-
tributions have been calculated for the 7p 2P1/2 state of
Ra+, but one can expect that they are small taking into
account the corresponding value for the ground state of
Ra+ (0.2% [3]). Table II gives the calculated values of
ABW for all of the considered states of 225Ra+. Table II
also gives contributions ABW,s and ABW,p due to s1/2
and p1/2 terms (see Eq. (29)). It can be seen that for the
7s 2S1/2 state the former contribution dominates, while
for 7p 2P1/2 the latter contribution dominates. The BW
contribution to HFS constant of the 7p 2P3/2 state is very
small in contrast to the case of the 6p 2P3/2 state of the
Tl atom [26].
In the above treatment of the ABW constant no specific
nuclear distribution model has been used. However, if we
assume some nuclear magnetization distribution model
by specifying F (r) in Eq. (2) then the ABW constant can
be calculated either (i) directly using Eq. (12) or (ii) in
the way suggested by Eq. (29). In the latter case the
“nuclear part” reduces to just one matrix element Bs
given by Eq. (25) on 1s1/2 function of the correspond-
ing hydrogen-like ion. In our case one can consider ma-
trix element for the ground 1s-state of the hydrogen-like
225Ra87+ ion. Note, that the approach (ii) should be
valid not only for the 7s 2S1/2 state of Ra
+ but also for
the 7p 2P1/2 state and other states. To check the accu-
racy of the approach (ii) numerically we have considered
the uniformly magnetized ball model of radius Rm. In
this model F (r) = R3m/r
3 for r ≤ Rm and F (r) = 1
for r > Rm. Here Rm ∼ Rnuc can be considered as a
constant parameter of the model [26]. Within this model
we have found that the values of the ABW constant cal-
culated using the direct approach (i) and using the ap-
proach (ii) coincide within 0.4% for all of the considered
states of 225Ra+, i.e. 7s 2S1/2, 7p
2P1/2 and 7p
2P3/2. As
it was noted above ABW(7p 2P1/2) is determined by the
second term in Eq. (29) that uses property (15). This
numerical test verifies the suggested approach (ii), i.e.
the use of Eq. (29). Thus, to calculate BW contribu-
tions one needs to know the matrix element Bs given by
Eq. (25) and perform corresponding electronic structure
calculations of Ps and Pp given by Eqs. (23) and (24).
225
RaF molecule
The ground X 2Σ1/2 as well as the first excited
A 2Π1/2 electronic states of the RaF molecule qualita-
tively have one unpaired electron on the so-called non-
bonding (atomic-like) orbital. This results in an almost
diagonal Franck-Condon matrix element between these
states. Due to this feature and the fact that the tran-
sition frequency between these states lies in the visible
region, it is possible to laser cool this molecule [37, 42].
From the above consideration of the 225Ra+ cation, it
is expected that the non-negligible contribution of the
finite nuclear magnetization distribution to the hyper-
fine structure constants can be expected also for 225RaF.
This effect has not been accurately considered for this
molecule before. Note however, that the need to con-
sider this effect arises only when the calculation of the
HFS constant in the point magnetic dipole approxima-
tion is accurate enough, i.e. its uncertainty is smaller
than the effect under consideration.
Table III gives the calculated values of the hyperfine
structure constant for the ground X2Σ1/2 and first ex-
cited A2Π1/2 electronic states of the
225RaF molecule.
The main calculation of A
(0)
|| has been performed within
the 4-component CCSD(T) approach using the LBasRaF
basis set and correlating all 97 electrons. To calculate
A
(0)
⊥ , 1s..3d electrons of Ra have been excluded from cor-
relation calculation. However, the correcting factor for
the treatment of these electrons (obtained from the A||
calculation) has been applied [90]. Higher-order corre-
lation effects have been estimated as a difference of the
CCSDT and CCSD(T) values obtained within the SBas-
RaF basis set and correlating 27 outer electrons of RaF.
We have also calculated the vibrational correction to the
considered parameters for the case of zero vibrational
levels of the considered electronic states of the 225RaF
molecule using the approach described in [9]. Finally, we
have applied the basis set correction given in Table III.
It is the contribution of the basis set extension up to
the LBasExtRaF basis set. It has been calculated within
the 69-electron CCSD(T) approach, i.e. 1s..3d electrons
of Ra have been excluded from the correlation calcula-
tion.
One can expect that the uncertainties of the calculated
HFS constants A
(0)
|| and A
(0)
⊥ are of order 1% similar to
the atomic case.
The values of the ground state hyperfine constants cal-
culated in the point magnetic dipole approximation are
in good agreement with previous calculations [40, 41],
but have much smaller uncertainties [92].
To calculate ABW|| we have calculated Ps and Pp con-
stants for the 225RaF molecule. The resulting value of
ABW|| as well as its contributions A
BW,s
|| and A
BW,p
|| are
given in Table III. It can be seen that the finite nuclear
8TABLE III. Hyperfine structure constants A|| and A⊥ (in
MHz) for the ground X2Σ1/2 and excited A
2Π1/2 states of
the 225RaF molecule induced by the 225Ra nucleus.
X2Σ1/2 A
2Π1/2
Method A|| A⊥ A|| A⊥
DHF -12048 -11670 -1638 -1235
CCSD -17814 -17148 -2848 -2173
CCSD(T) -17595 -16941 -2842 -2198
correlation correction -134 -134 -48 -28
basis set correction -31 -30* -4 -3*
vibrational correction -19 -18* -2 -2*
Total, electronic (A
(0)
||/⊥
) -17780 -17123 -2896 -2230
−A
BW,s
|| 723 9
−A
BW,p
|| 7 34
−ABW|| / ⊥ 730 720* 44 26*
Final -17049 -16403 -2852 -2204
*Rescaled from A||.
magnetization distribution effect ABW|| contributes about
4% to the hyperfine structure of the ground state of the
225RaF molecule and cannot be neglected in an accurate
consideration. The leading contribution to ABW|| comes
from ABW,s|| . A similar effect and its contributions have
been found for the ground state of the 225Ra+ cation
above.
For the first excited state A2Π1/2, A
BW
|| contributes
about 1.5%. Here ABW,p|| dominates. This is close to
what was found for the excited 7p 2P1/2 state of
225Ra+.
This also correlates with the assumed atomic-like charac-
ter of the ground and the first excited states of RaF. Note
that the ABW,p|| domination over A
BW,s
|| is not so strong
as in the atomic case of the 7p 2P1/2 state. The relative
asymmetry in HFS constants A|| and A⊥ is larger for the
excited state 7p 2P1/2 than for the ground state. It indi-
cates some deviation from the idealized atomic character
of this state.
For the ground state of the 225RaF molecule we have
found that the correlation contribution of 1s..4f electrons
of Ra and 1s of F is about 4% which is close by the abso-
lute value but has an opposite sign to the finite nuclear
magnetization distribution effect. Thus, the situation is
similar to what was found for the case of 225Ra+ ground
state HFS above. It is possible to obtain an excellent
agreement of the calculated HFS constant A
(0)
|| in the
simplified calculation with the exclusion of finite nuclear
magnetization distribution contribution and electron cor-
relation contribution of the core electrons with the exper-
imental HFS constant A||. But this will not mean that
the effective electric field acting on the electron electric
dipole moment and other similar parameters of the T,P-
violating effects are calculated with such good accuracy
using the same wavefunction. It should be stressed also,
that the proper correlation of the core electrons requires
to use sufficiently high energy cutoff, see Fig. I in [72]
and Ref. [9].
CONCLUSIONS
The theoretical method to treat the contribution of the
finite nuclear magnetization distribution to the hyperfine
structure constants of heavy atoms and molecules con-
taining heavy atoms has been proposed. It is shown that
the nuclear part of the problem can be reduced to the
treatment of just one matrix element over the hydrogen-
like function. This matrix element can be calculated us-
ing some nuclear structure model or it can be extracted
by combining accurate experimental and theoretical data
for an atom, (highly charged) ion, or a molecule contain-
ing the heavy nucleus under consideration.
An important feature of the formulated theory is that
it is possible to separate the electron correlation problem
and the nuclear problem using Eq. (29). The accuracy of
such separation (factorization) has been tested numer-
ically for one of the nuclear magnetization models and
found to be very high, the corresponding theoretical un-
certainty is less than 1%.
Most of the previous studies of the effects of the finite
distribution of nuclear magnetization concerned atoms.
The approach developed here helps to extend this treat-
ment to molecular physics.
The method has been applied to study the hyperfine
structure for the 225Ra+ ion and 225RaF molecule in
low-lying electronic states. In particular, it was found
that the finite nuclear magnetization distribution effect
strongly (more than 4%) contributes to the HFS of the
ground state of 225RaF and should be taken into account
in precise calculations. This effect has an opposite sign
to the correlation contribution of the core electrons, but
similar absolute value. Therefore, the neglect of both
these effects can lead to an incorrect conclusion about the
accuracy of the calculated wavefunction and uncertain-
ties of other properties calculated with this wavefunction.
This conclusion should be taken into account in most pre-
cise calculations, e.g. in the field of the search of the P-
or/and T,P-violation effects in molecules, etc.
Predicted HFS constants for 225RaF can be used to
simplify the interpretation of further experiments with
this molecule [51].
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